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Abstract. Operator-valued multivariable Bohr type inequalities are obtained for: 

(i) a class of noncommutative holomorphic functions on the open unit ball of B{Ti.)", 
generalizing the analytic functions on the open unit disc; 

(ii) the noncommutative disc algebra An and the noncommutative analytic Toeplitz alge- 
braF^; 

(iii) a class of noncommutative selfadjoint harmonic functions on the open unit ball of 
BiTi)" , generalizing the real-valued harmonic functions on the open unit disc; 

(iv) the Cuntz- Toeplitz algebra C*{S\, . . . ,S„), the reduced (resp. full) group C*-algebra 
C*g^(F„) (resp. C*{W„)) of the free group with n generators; 

(v) a class of analytic functions on the open unit ball of C". 

The classical Bohr inequality is shown to be a consequence of Fejer's inequality for the 
coefficients of positive trigonometric polynomials and Haagerup-de la Harpe inequality for 
nilpotent operators. Moreover, we provide an inequality which, for analytic polynomials on 
the open unit disc, is sharper than Bohr's inequality. 



Introduction 



oo 



Let f{z) := be an analytic function on the open unit disc D := {z G C : \z\ < 1} 

A:=0 

such that ||/||co < 1- Bohr's inequality [3] asserts that 

oo ^ 

^'^''|afc|<l for < r < -. 

3 

k=0 

Originally, the inequality was obtained for < r < |. The fact that | is the best possible 
constant was obtained independently by M. Riesz, Schur, and Weiner. Other proofs were later 
obtained by Sidon |25j and Tomic [22j. Dixon [Jj used Bohr's inequality in connection with 
the long-standing problem of characterizing Banach algebras satisfying the von Neumann 
inequality (see also and m])- In recent years, multivariable analogues of Bohr's 
inequality were considered by several authors (see P, [1], [H], and ^U). Paulsen and Singh 
jl3j used positivity methods to obtain operator- valued generalizations of Bohr's inequality in 
the single variable case. 

We obtain in this paper operator-valued generalizations of Bohr's inequality in multivari- 
able settings. Let Hn be an re-dimensional complex Hilbert space with orthonormal basis ei, 
62, . . . , Bn, where n G {1, 2, . . . }. We consider the full Fock space of Hn defined by 



k>0 
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where H^^ := CI and is the (Hilbert) tensor product of k copies of Hn- Define the left 
creation operators Si : F'^[Hn) — > F'^{Hn), i = 1, . . . , n, by 

Sup := a (gup, (p£F'^{Hn). 

Let F+ be the unital free semigroup on n generators gi, . . . ,gn, and the identity qq. The 
length of a G F+ is defined by \a\ := k if a = gi^gi2 ■ ■ ■ di^, and \a\ := if a = go. If 
Ti, . . . ,Tn £ B(Ti.), the algebra of all bounded operators on a Hilbert space TC, define Ta := 
^11^12 • • • ^ik if a = 9ii9i2 ■■■9iki and Tg^^ := In- 

The noncommutative analytic Toeplitz algebra and its norm closed version, the non- 
commutative disc algebra An, were introduced by the author j^, ^HI; |21j in connection 
with a multivariable noncommutative von Neumann inequality. F^ is the algebra of left 
multipliers of F'^{Hn) and can be identified with the weakly closed (or ?i;*-closed) algebra 
generated by the left creation operators ^i, . . . , 5^ acting on and the identity. The 

noncommutative disc algebra An is the norm closed algebra generated by 5i, . . . , 5^, and the 
identity. When n = 1, F^ can be identified with the algebra of bounded analytic 

functions on the open unit disc. The noncommutative analytic Toeplitz algebra F!^ can 
be viewed as a multivariable noncommutative analogue of There are many analo- 

gies with the invariant subspaces of the unilateral shift on //^(D), inner-outer factorizations, 
analytic operators, Toeplitz operators, (D)-functional calculus, bounded (resp. spectral) 
interpolation, etc. 

In Section 1, we show that Bohr's inequality can be improved for analytic polynomials. 

m— 1 

More precisely, we prove that if p{z) := ^ a^z^ is a polynomial with ||p||oo ^ 1; then 

fc=o 

m—l 



\ak\r'' < 1 for < r < 

k=l 



where tm £ (0, 1] is the solution of the equation 

m— 1 ^ 

(0-1) E^'^o^ rm-n , o = 2' 

k=i l—\ +^ ^ 

where \x\ is the integer part of x. Moreover, {^^1^=2 ^ strictly decreasing sequence which 
converges to |. The above inequality is a particular case of a more general multivariable Bohr 
type inequality, which is obtained in Section 1, for noncommutative holomorphic functions 
on the open unit unit ball of [i3(A')"]<i, i.e., 

[s(A'r]<i :={(Xi,...,x„) es(;f)" : + + < 1}, 

where X is an arbitrary Hilbert space. We say that F : [i?(^%')"]<i -B(^Y) is a univer- 
sal holomorphic function on [i?(^Y)"]<i with scalar coefficients if there exists a sequence 
Wa\^cii+ C C such that 

OO 

F(Xi, . . . , Xn) = E E aoiXa 

k=0 \a\=k 

is convergent in norm for any {Xi, . . . , Xn) G [i?(^)"']<i and any Hilbert space X. We 
showed in [25 that the algebra of all bounded holomorphic functions on [i?(A')"]<i can be 
identified with the noncommutative analytic Toeplitz algebra F^, while the subalgebra of 
all holomorphic functions on [i?(A')"']<i and continuous on [i?(A:')"']<i can be identified with 
the noncommutative disc algebra An- Many other classical results concerning the analytic 
functions on the open unit disc D were extended to this noncommutative setting in |24j . 
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In Section 1, we also consider multivariable Bohr type inequalities for noncommutative har- 
monic functions on the open unit unit ball of [i?(A')"]<i. We mention that G is a selfadjoint 
harmonic function on [i?(^Y)"']<i if there is a universal holomorphic function F on [i?(A')'^]<i 
such that G{Xi, . . . , X„) = ReF{Xi, . . . , X„) for any {Xi,...,Xn) £ [S(A')"]<i. As con- 
sequences, we obtain Bohr type inequalities for the Cuntz-Toeplitz algebra C*{Si, . . . , 
the reduced (resp. full) group C*-algebra C*g^(F„) (resp. C*(F„)) of the free group with n 
generators. For example, given m = 2, 3, . . . , oo, we show that if C/i, . . . , ?7„ are the canonical 
unitaries generating C*g^(F„) and 

H := ^ aaU* + aoI+ ^ aaUa, G C, 

l<|a|<m-l l<|o|<m-l 

is a selfadjoint element of C*^^{¥n) with \\H\\ < 1, then 

1/2 




< (1 - |ao|)cos-p 



TT 



m— 1 ' 



+ 2 



for k = 1, . . . ,m — 1, 



and 



\aa\ra + \ao\+ ^ \aa\ra < 

l<\a\<m~l l<|a|<m-l 

for any r := (n, . . . ,r„) with ri > 0, . . . , r„ > 0, and ||r||2 < tm, where tm G (0, 1] is the 
solution of the equation HU.lf) if m < oo and too = I • 

In Section 2, inspired by the work of Paulsen and Singh |13j in the single variable case, we 
obtain operator-valued multivariable Bohr type inequalities for noncommutative holomorphic 
functions on the open unit ball of B^X)"^ with coefficients in B{7i). As consequences, we 
obtain operator-valued Bohr inequalities for the noncommutative disc algebra An and the 
noncommutative analytic Toeplitz algebra -F'^. In particular, we prove that if 



k=0 \a\=k 

is in F^(^B{Ti.), the WOT closed algebra generated by the spatial tensor product, such that 
F(0) > and Re F{Si, . . . , 5„) < /, then 



\a\=k 



1/2 



< 211/-^ 



(0)1 



for k = l,2, 



and 



E 

fc=0 



\a\=k 



< ||A(o)|| + \\I-A 



(0)1 



for any n-tuple of bounded operators (Ti, . . . ,r„) G [i?(/C)"']i/3, i-^-j 

l|riri* + ... + T„r„*f/2 < i_ 

When Ti = C and = G C, we deduce that 

\aa\ra < 1 
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for any r := (ri, . . . ,r„) with ri > 0, . . . , r„ > 0, and ||r||2 < ^. In the single variable case 
(n = 1), we find again the classical Bohr inequality and the operator- valued extension of 
Paulsen and Singh jlS]. When m > 2 and 

m— 1 

F{Si,...,Sn) =^Y1 A") 

k=0 \a\=k 

is a polynomial such that F(0) > and Re-F(S'i, . . . , Sn) < -Z^, then we show that 



w (A 



1(a) • 



a 



k] < 2\\I- A 



and 



m—l 



(0) 



k] < \\A 



cos ■ 



m—l' 



+ 2 



(0) 



(0)1 



for 1 < k < m — 1 



for < r < 



A;=0 



where tm G (0, 1] is the solution of the equation (|U.1() and w{Xi, . . . , Xn) is the joint numerical 
radius of {Xi, . . . ,X]\f) (see Section 2). We remark that the above operator-valued Wiener 
and Bohr type inequalities are new even in the single variable case n = 1. 

In Section 3, we obtain operator-valued Bohr type inequalities for a class of noncommuta- 
tive harmonic functions on the unit ball of B{X)"' with coefficients in B{TC). Wiener and Bohr 
type inequalities are provided for the coefficients of two harmonic functions on [i?(A')"]<i 
satisfying the inequality Hi{Xi, . . . < H2{Xi, . . . ,Xn)- Consequently, we obtain Bohr 
inequalities for the spatial tensor products C*{Si, . . . B(7i), C*^^{¥n) B(7i), and 

c*{¥n)®B{n). 

In Section 4, we provide operator-valued Bohr type inequalities for a class of analytic 
functions on the open unit ball of C". In the scalar case, we obtain Bohr inequalities for 
the elements of H^^{Mn), a Banach space of analytic functions on conta^ining cill the 
polynomials. More precisely, given m = 2, 3, . . . , oc, and 

/(Ai,...,A„) := Yl ^""^ 



p, Op E 



p6Z",|p|<m-l 



an analytic function in such that 



sym •- 



sup \\fsym{rSl, 



0<r<l 



,rSn)\\ < oo 



(see Section 4 for the definition of the symmetrized functional calculus), we prove that 



m—l 

E 

k=0 



< 



sym 



for any A := (Ai, . . . , A„) G ]B„ with 
if m < oo and too = 4- 



p€Z1,\p\=k 

2 <tm, where tm is the solution of the equation (|U.1() 



multivariable bohr inequalities 5 
1. Bohr inequalities in several variables 

Haagerup and de la Harpe [TOj proved that any bounded linear operator of norm 1 on a 
Hilbert space TC such that T"^ = 0, m > 2, satisfies the inequahty 

uj{T) < cos ^ 

m + 1 

where uj{T) is the numerical radius of T, i.e., 

uj{T) := {sup{| {Th, h)\: h e H, \\h\\ = 1}. 

They also showed that their inequality is equivalent to Fejer's inequality [Hj for positive 
trigonometric polynomials of the form 

m—l 
fc=— m+l 

which asserts that 

vr 

|ai| < qq cos 



m + 1 

In [231, ^c obtained multivariable generalizations of the Haagerup-de la Harpe inequality 
and multivariable noncommutative (resp. commutative) analogues of classical inequalities 
(Fejer |j8j, Egervary-Szazs 9 ) for the coefficients of positive trigonometric polynomials. In 
particular, we showed that if 

l<\a\<m-l l<|a|<m-l 

is a positive polynomial in C*(5i, . . . , Sn), then 
(1-1) ^«ocosj^ 



^\a\=k 

for 1 < A; < m — 1, where [x] is the integer part of x. 
For r > 0, we define 



[^]+2 



[B{]CY% := {(Ti, . . . ,r„) : \\TiT* + ■■■ + r„r„*f < 

In what follows we obtain a Bohr type inequality for analytic polynomials in the Cuntz- 
Toeplitz algebra C*(5i, . . . , 5„). 

Theorem 1.1. Let m > 2 and let p{Si, . . . , 5„) := Yl o^aSa be a polynomial such that 

\a\<m—l 

p{0) > and Rep{Si, . . . , 5„) < /. Then 



m—l 

E 

k=0 



\a\=k 



< 1 



for any (Ti, . . . ,Tn) G [-B(/C)"]f^, where tm G (0, 1] is the positive solution of the equation 

m—l 

(1.2) Y^'' 



m—l ^ 

vr 1 



k=l 



COS T T^i = — , 
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where [x] is the integer part of x. Moreover, {tm} is a strictly decreasing sequence which 
converges to ^. In particular, 

\ct\<m—l 

for any r := (ri, . . . , r^) with ri > 0, . . . r„ > 0, and \\r\\2 < tm- 

Proof. The conditions p{0) > and Rep(S'i, . . . , Sn) < I imply 

Y -aaS*^ + 2{l-ao)I+ ^ -a^Sa > 0. 

l<|a|<m-l l<|a|<m-l 



According to the inequaUty we have 



1/2 



:i.3) 



El 

.\a\=k 



< 2(1 — ao) cos 



TT 



for 1 < A; < m — 1. Let (Ti, . . . ,T„) G [i?(/C)"]r, where < r < and tm is the positive 
solution of the equation ()1.2() . Using the noncommutative von Neumann inequality jl7j for 
the row contraction [r~^Ti, . . . ,r~^r„] and inequality H1.3|) . we deduce that 



m— 1 




■m— 1 




E 


^ ^ 1 fla 1 Ta 




r ^ ^ 1 Oa 1 


A:=0 


\a\=k 


k=0 


|a|=fc 



m— 1 



1/2 



|a|=fc 



A;=0 



m—l 



< ao + 2(1 - ao) ^ r'' cos j 
fc=i L 



vr 



m— 11 



+ 2 



m— 1 



< ao + 2(1 - ao) ^ *m T^rrr 
fc=i L J 

= ao + (1 - ao) = 1. 



+ 2 



For each m > 2, define the function fm ■ [0, 1] [0, oo) by setting 



m— 1 

/^(t) := ^t'^cos^^ 
fc=i L fc J 



+ 2 



Notice that /m(0) = and /m(l) > cos = ^- Since /m is strictly increasing and continuous, 
the equation fm{t) = ^ has a unique solution t^ G (0,1]- On the other hand, notice that 

oo 

fm{t) < fm+i{t) < fit) for any t G [0, 1) and m > 2, where /(t) = ^ Since /(i) = i, it 

k=l 

is clear that tm > | and the sequence {tm}m=2 strictly decreasing. 

A closer look at the the sequence {fm} reveals that it is uniformly convergent to / on any 
interval [0,5] with < 5 < 1. Notice also that fm{t) > '^^^ Ti^pi — k m > 2 and 

t G [0, 1]. Applying Lagrange mean value theorem to the function fm on the interval ^m] ) 
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we find ^ G such that 

Hence, and since fm (5) f (5) = |, as m ^ 00, we deduce that tm — > |- The proof is 
complete. □ 

Simple computations reveal that ^2 = 1 and ^3 = . We also remark that if 

. . . , < 1 then Rep{Si, . . . , 5„) < 1 and, consequently. Theorem 11.11 holds . 

00 

Lemma 1.2. Let f{z) = ^ a^z^ he an analytic function on the open unit disc. Then 

k=0 

Re/(z) < 1 for any z £ O if and only if Ref{rS) < 1 for < r < 1, where S is the 
unilateral shift. Moreover, if p is an analytic polynomial, then 'Rep{z) < 1 if and only if 
Rep{S) < 1. 

Proof. Assume that Re/(z) < 1 for any z GO. Notice that, for each r G [0, 1), the function 

00 00 
/r(e**) := E r'^akc'''^ is in the Hardy space i/°°(T). Moreover, := ^ r'^OkS'' is 

k=0 k=0 

convergent in the operator norm. For every /i(e**) G H'^{T), we have 
([21 - ifriS) + friST)] hie% /^(e^*)>^.(Tr) 

= ^ - (/,(e^*) +;^)]|/,(e^*)|2di > 0. 

Therefore, we have Re/(rS') < 1 for < r < 1. 

Conversely, assume that fr{S)*+fr{S) < 2/ for any r G [0,1). Using the Poisson transform 
of [221 associated with the contraction T := zl, where 2; G B, we deduce that fr{z) + fr{z) < 2 
for any z G B and r G [0, 1). Therefore, Re/(z) < 1 for any 2 G B. The last part of the 
lemma is now obvious. The proof is complete. □ 

When n = 1, Theorem 1 1 . 1 1 and Lemma ll. 21 implv the following result. 

m— 1 

Corollary 1.3. Let m > 2 and let p{z) = ^ a^z^ be an analytic polynomial on the open 

k=0 

unit disc such that p{0) > and Jlep{z) < 1 for 2; G B. Then 

Wkl < (1 - ao) cos r^_-^. for l<k<m-l 

[~^\ + 2 

and 

00 

(1.4) ^\ak\r''<l for < r < t^, 

k=0 

where tm is the solution of the equation ()1.2() . 

Notice that if p is a polynomial with ||p||oo ^ 1; then inequality (|1.4j) holds and is sharper 
than Bohr's inequality, when restricted to polynomials. 

Now we can prove the following multivariable Bohr type inequality for noncommutative 
holomorphic functions on the unit open unit ball of [i?(A')"]<i. 
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Theorem 1.4. Let f{Xi,...,Xn) := ^ X] ^a^a, o,a G C, he a holomorphic function 

k=0 \a\=k 

on [B(A')"]<i such that /(O) > and 



Re/(Xi,...,X„) </ for any (Xi, X„) G [i?(;f )"]<!. 



Then 
(1.5) 

and 



1/2 



, |a|=fc 



<2(l-ao) /or k = 1,2, . 



E 

fc=0 



\a\=k 



< 1 



/or any (Ti, . . . , T„) G [i?(/C)"]i/3. ^''^ particular, 

/or any r := (ri, . . . , r„) mi/i ri > 0, . . . , r„ > and ||r||2 < 4. 



oo / X 1/2 

Proof. Since / is holomorphic function on [i?(A')"]<i the series Yl ^ \Yl\a\=k\'^a\ ) is 

fc=o V ' ' ^ 

convergent for any r G [0,1). Using the noncommutative Poisson transforms of one 
can easily prove that Re f{Xi, . . . , X^) < I for any {Xi, . . . , X„) G [i?(A')"]<i if and only if 
Re f{rSi, . . . , rSn) < -/^ for any r G [0, 1). Therefore, we have 



:i.6) 



fe=l|a|=jfc fc=l|a|=fc 



For each m = 2, 3, . . . , and r G [0, 1), denote 



1/2 



:= E E 

fc>m y|a|=fc 

Notice that, for each r G [0, 1), Mm{r) ^ 0, as m — > oo. On the other hand, the inequality 
(|1.6I) implies 

-rHa,5; + 2(1 -ao + M^(r))/+ -rHa,5„ > 

l<|a|<m-l l<|Q|<m-l 

for any r G [0, 1). According to the inequality (jl.ip . we obtain 



1/2 



E 

|o|=A: 



< 2(1 - ao + M^(r)) cos y;;^ 



TT 



for \ < k < m — 1 and any r G [0,1). Taking m — > oo and then r ^ 1, we get 
the inequality (|1.5|) . Hence, and using the noncommutative von Neumann inequality if 
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(Ti, . . . , r„) E [S(/C)'"]t and < t < i we obtain 



fc=0 



^ ^ I Oq I T(x 

\oL\=k 



< 



fe=0 



^ ^ |o.a|*S'o 
|a|=fc 



1/2 



/c=0 \|a|=A; 

< |ao| + 2|1 — aol 



1 -t 

< |ao| + |1 - aol = 1 



for < t < i. This completes the proof. 



□ 



Corollary 1.5. Let f{z) = ^ a^z^ 6e an analytic function on the open unit disc such 

k=Q 

that /(O) > and Ref{z) <1 for z £B. Then 



oo ^ 

E \'^k\r'' < 1 /or < r < -. 



fe=o 

oo 

Proof. Since lim sup | | "'^/'^ < 1, it is clear that ^ r'^OnS^ is norm convergent for any r G 

k—*oo n=0 

[0, 1). Now the result follows from Lemma ll.2l and Theorem 11.41 □ 

Another consequence of Theorem 11.41 is the following Bohr inequality for the noncommu- 
tative analytic Toepltz algebra. 

Corollary 1.6. // . . . , 5„) := ^ aaSa is in the noncommutative analytic Toeplitz 



ra , then 



E 

fc=0 



\a\=k 



< \\f{Si,...,Sn 



for any (Ti, . . . , Tn) £ [B{IC)"']i/^. In particular, 



for any r := (ri, . . . , r„) with ri > 0, . . . , r„ > and \\r\\2 < 4. 



Proof. It follows from Theorem 11.41 if we assume that 



since f{Si, . . . , 5^) G F^, the series ^ 

A:=0 



\a\=k 



f{Si, . . . , Sn)!! = 1 and notice that, 
is convergent. □ 



We remark that Corollarv 11.61 was obtained in jT2], using different methods. When n = 1, 
Corollarv 11.61 and Lemma ll.^l iniplv the classical Bohr inequality. 

oo 

Corollary 1.7. {Bohr's inequality) If f{z) = ^ afcz'^ is a bounded analytic function on the 

k=0 

open unit disc, then 



k=0 



for < r < — . 
J - - 3 
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We remark that, in the particular case n = 1, the proofs of Theorem 11.11 Theorem 11.41 
Corollary 11.61 and Corollary 11.71 show that Fejer's inequality for the coefficients of positive 
trigonometric polynomials implies Bohr's inequality for bounded analytic functions on the 
open unit disc. Here, we should add that Fejer's inequality is equivalent to Haagerup-de la 
Harpe inequality, which implies the Egervary-Szasz inequality (i.e., inequality (|1.1|) in the 
particular case when n = 1 and 2 < k < m — 1) (see |23j ) . 

In what follows we obtain Bohr type inequalities for a class of selfadjoint polynomials in 
the Cuntz-Toeplitz C*-algebra C*{Si, . . . , 5„). 

Theorem 1.8. Let m > 2 and let 

m—1 m—1 

H{Si, . . . , 5„) := ^ ^ aaS^ + aol + ^ ^ a^Sa, G C, 

k=l \a\=k k=l \a\=k 

be a selfadjoint element of C*{Si, . . . , Sn) such that \\H{Si, . . . , Sn)\\ < 1- 
Then the following statements hold. 

/ \ 1/2 



(i) E K\' 

\H=k J 

•part of X. 

m—1 



< (1 — |ao|) cos for 1 < k < m — 1, where [x] is the integer 



(ii) E 

k=0 



\a\=k 



< 1 for any [Ti,...,Tn] G [-B('H)"]^„, where jm G (0,1] is the 



solution of the equation 



[1.7) 



m—1 



TT 



cos ■ 



1. 



Moreover, {jm} is a strictly decreasing sequence which converges to ^. 

m—1 

(iii) E 



k=l 



E K\T* 

\a\=k 



m—1 

+ \ao\+ E 

k=l 

where tm G (0, 1] is the solution of the equation 

m—1 



I Oia I 
\a\=k 



< 1 for any [Ti,...,r„] G [B{nT\ 



TT 



1 



cos ■ 



k=l I k i ^ ^ 

Moreover, {t„^} is a strictly decreasing sequence which converges to |. 
In particular, if ri, . . . ,rn > 0, then 



m-l / \ 

(iv) E E kaka < 1 if ||(n, • • • ,r„)||2 < 7m; 

k=0 \\a\=k J 

m-l / \ 

(v) |ao|+2 E E I ] <1 if ||(ri,...,r„)||2 <tm. 

k=l \\a\=k J 

Proof. Notice that we can assume that oq > and 

m-l 

k=l \a\=k \a\=k 

Using inequality ()1.1() . we deduce (i). The rest of the proof is similar to that of Theorem ll.il 
We shall omit it. □ 
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Let ¥n be the free group with generators gi, - ■ ■ ,gn, and let ^^(F„) be the Hilbert space 
defined by 

e\¥n) := {/ : F„ ^ C : ^ \f{a)\' < oo}. 

<tGF„ 

The canonical basis of ^^(F„) is {Co-jo-eFn, where ^o-(i) = 1 if t = o" and Co-(i) = otherwise. 
For each z = 1, . . . , n, let C/j G B(i'^(¥n)) be the unitary operator defined by 



^ < OO 



The reduced group C* -algebra C*^^{¥n) is the C* -algebra generated by Ui, . . . ,Un- 
Corollary 1.9. Let 

■m— 1 m— 1 

H{Ui, ...,[/„):= ^ ^ aQ,[/* + aol + ^ ^ OaC/a, Qq £ C, 

k=l \a\=k k=l \a\=k 

be a selfadjoint element of C*^^{¥n) with \\H{Ui, . . . , Un)\\ < 1- Then the conclusion of The- 
orem M.d holds. 

Proof. Notice that the Hilbert space ^^(F,^) can be seen as a subspace of £^(F„) and the full 
Fock space -F^(if„) can be naturally identified to ^^(F+). Under this identification, we have 
Ui\F'^{Hn) = i = 1, . . . , n, where 5i, . . . , 5„ are the left creation operators. Consequently, 
we have 

H{Su ...,Sn)= P,2(p+)i/(?7i, . . . , Un)\i\¥t). 

Since \\H{Ui, . . . , Un)\\ < 1, we have \\H{Si, . . . , < 1. Applying now Theorem 11.81 the 
result follows. □ 

We recall that the full group C*-algebra C*(F„) is generated by an n-tuple of universal 
unitaries Ui, . . . , U,i. We remark that a result similar to Corollarv 11.91 holds for C*(F„). 
Indeed, assume that ||i?(Ui, . . . , U„)|| < 1. Due to the universal property of the unitaries 
Ui, . . . , U„, there is a representation vr of C*(Ui, . . . , U„,) onto C*{Ui, . . . , Un) such that 
7r(Ui) = C/j, z = 1, . . . , 71. Therefore, H{Ui, . . . , C/„) = 7r(-?/(Ui, . . . , U„,)) < /. Applying now 
Corollarv II. 9| the result follows. 

The following result is a multivariable Bohr inequality for selfadjoint harmonic functions 
on the open unit ball of [i3(A')'"]<i. 

Theorem 1.10. Let 

oo oo 

H{Xi, Xn) := XI X] "-a^a + «0-f + X] XI "■a^^' "■a G C, 

A:=l |a|=A; k=l \a\=k 

be a selfadjoint harmonic function on [B{X)'^]^i such that \\H{Xi, . . . , Xn)\\ < 1 for any 
Then 

( V' 
(i) Yl < 1 - |oo| for any A: = 1,2,...; 



\a\=k 



(ii) E 

k=0 



\a\=k 



<1 for any [Ti, . . . ,Tr,] G [B{nr]y^; 
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oo 




oo 




(iii) E 


E K\T* 


+ |ao|+ E 


E IoqITc 


k=l 


\a\=k 


k=l 


\a\=k 



< 1 /or any [ri,...,r„] G 



1/3- 



/n particular, if ri, . . . ,rn > 0, then 



(iv) E E KK] <1 ^/ ||(ri,...,r„)||2<i; 

k=0 \\a\=k J 

(v) |ao|+2 g ( E l«a|ra ) < 1 ^/ ||(ri, . . . , r„)||2 < i. 

k=l \\a\=k J 

Proof. Since H(Xi, . . . , Xn) is selfadjoint and . . . , X„)|| < 1, we can assume that 

ao > 0. Therefore, we have 

oo oo 
fc=l |a|=A; fc=l |Q|=fc 

where bo := 1 — uq and 6q, := — if a G F+, |q| > 1. As in the proof of Theorem 11.41 we 
deduce the inequahty (i). Hence, it is easy to see that if r < i, then 



1/2 



(1.9) 



k=0 \\a\=k 



Let (Ti,...,T„) G [B{Tl)"']r and assume that < r < i. Using the noncommutative von 
Neumann inequahty 17 for the row contraction [-Ti, . . . , -T„] and inequahty (|1.9|) . we get 



E 

fc=0 



|a|=A: 



k=0 



^ ^ I I Set 

\a\=k 



1/2 



fc=0 \|a|=fc 

which proves the inequahty (ii). To prove (iii), notice that 

1/2 / \ 1/2 



< 1, 



2r 



k=l \\a\=k 
1 

3- 



k=0 \\a\=k 



for < r < ^. Now, the proof fohows the same hues as the proof of (ii). The proof is 
complete. □ 

Corollary 1.11. Let 

oo oo 
H{Ui, ...,[/„):= ^ ^ aall* + aol + ^ ^ a^Ua, G C, 

k=l \a\=k k=l \a\=k 

he a selfadjoint element of C*^^{¥n) with \\H{Ui, . . . , Un)\\ < 1- Then the conclusion of The- 
orem [l~TIH holds. 



We remark that a result similar to Corollarv 11.111 holds for C*(F„) 
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2. Operator-valued Bohr inequalities in several variables 

In this section, we obtain operator-valued multivariable Bohr type inequahties for noncom- 
mutative holomorphic functions on the open unit ball of B{X)"', the noncommutative disc 
algebra An, and the noncommutative analytic Toeplitz algebra . 

We say that a power series 



F{Si,...,Sn) =Y.Y1 -^"^ A")' {A")W+ ^B{n), 

k=0 \a\=k 

generates a (universal) holomorphic function on [i?(A')"]<i with coefficients in B{Ti.) if 

oo 

F{Xi,...,Xn) = Y, Yl ^"^A") 

fe=0 \a\=k 

is convergent in the operator norm for any {Xi, . . . ,Xn) G [-B(A:')"]<i and any Hilbert space 
X. We proved in |24, that the following statements are equivalent: 

(i) F{Si, . . . , Sn) generates a holomorphic function on [i?(A')"]<i; 



(ii) the series ^ 

A;=0 



is convergent for any r G [0, 1), where 5i, . . . , 5„ 



\a\=k 

are the left creation operators on the full Fock space 

l/2k 

< 1. 



(iii) limsup 

A;— >oo 



\a\=k 



Throughout this section we consider (universal) holomorphic functions on the open unit 
bah [B{X)"-]<^i with coefficients in B{H). We also set A(o) := ^(go)- 

First, we recall a very well-known characterization of contractions on Hilbert spaces. 

Lemma 2.1. A hounded operator A : K, ^TL is a contraction if and only if 

'In A~ 

is a positive operator acting on the Hilbert space 7i® KL. 

The next positivity result will be useful in what follows. 

Lemma 2.2. Let P,Xi,..., Xm G B{Ti.) and let Vi, . . . , Vm £ B{IC) be any isometrics with 
orthogonal ranges. Then 

(P XI XI ••• xi\ 
Xi P ■ 
X2 P ■ 



(2.1) 

if and only if 
(2.2) 



M{P,Xi 



\Xm 












> 



N{P,X,) 



/ m \ 

I Ik^p ZVi^xA 

i=l 

m 

\i=l 



> 0. 
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Proof. Notice that M{P, Xj) > if and only if P > and 

M{In, {P + eIn)-^/^Xi{P + eln)-^'^) > 
for any e > 0. Applying Lemma l2. II to the row operator := [-A^,i, 



, where 



{P + eInr'^'X*{P + eIn)-' 



-1/2 



1, 



one can see that (|2.1() holds if and only if \\A^\\ < 1 for any e > 0. Since Vi, . . . ,Vm are 
isometrics with orthogonal ranges, we have V*Vj = Sijljc for i, j = 1, . . . ,m, and 

2 



4 = 1 



«J=1 



1=1 



\A, 



Kia,l3) 



Therefore, ^ vl* ^ is a contraction for any e > if and only if < 1 for any e > 0. 

i=l 

m 

Applying again Lemma l2.1l to the operator Yl ^* obtain N{I')-[, A* ■) > for any 

i=l 

e > 0, which is equivalent to N{P + e/-^,Xj) > for any e > 0. Taking e ^ 0, we obtain 
inequality (|2.2j) . The converse, follows exactly the same lines. The proof is complete. □ 

We need a few more definitions. Given a,/3 e F+, we say that a > (5 \i a = Puj for some 
oj G F+\{5o}- We denote lv := a\p. A kernel K :¥+ x¥+ ^ B{n) is called multi-Toeplitz 
if ^(50,90) = Ih and 

'K{a\p,go) ifa>/3 
In if a = /3 

K{go,/3\a) if a < (3 
otherwise. 
It is said to be positive definite provided that 

^ {K{a,P)h{P),h{a))>0 

for all finitely supported functions h from into TC. 

Using the noncommutative Poisson transforms of j^, one can easily prove the following. 

Lemma 2.3. Let 

00 

k=0 \a\=k 

be a holomorphic function on [B{X)"']^i with coefficients in B{7i). Then the following state- 
ments are equivalent: 

(i) ReF(Xi, . . . , Xn) < I for any (Xi, . . . , X„) e [i?(A')"]<i and any Hilbert space X ; 

(ii) ReF(rS'i, . . . ,r5„) < / for any < r < 1. 



In what follows we denote by [-B(a) : \a\ 
k. 



k] the row matrix with entries -B(q) G B{TC), 



where a £ F+ and \a 
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Theorem 2.4. Let 

oo 

k=0 \a\=k 

be a holomorphic function on [B{X)'^]^i with coefficients in B{H) such that F(0) > and 
ReF(Xi, . . . < J for any {X^, . . . G [B(A')"]<i. 

Then 

(i) the operator matrix 

/2(/„-^(o)) [A^y. \a\ = k] \ 

.0 ••• 



pk-= 








Xih - 






\a\ = k 








is positive for any A; = 1, 2, ... ; 
(ii) */{^(a)}Q6F+ ^ sequence of operators in -B(/C) 

1/2 



|Y'(o)|| < 1 and ^ 



fe=i 



|a|=A; 



<2. 



then 



<1, 



A;=0 \a\=k 

where the series converges in the norm topology of B{F'^{Hn) ^U^IC). 

Proof. Let Ri,... ,Rn be the right creation operators acting on the Fock space F'^{Hn). We 
recall that Ri = U*SiU, i = 1, . . . ,n, where U is the flipping operator. Since F(0) > and 
KeF{rSi, . . . ,rSn) < / for < r < 1, we deduce that A^q^ > and 

oo oo 
fc=l |a|=fe A;=l |a|=fe 

for any < r < 1, where the series are norm convergent. Hence, we infer that 

oo oo 

(2.3) ^ ^ ri-iK ® + I ® qo) + E E ® ^(«) ^ 0' 

fc=l |a|=fe A;=l |Q;|=ifc 

where 

(2.4) C^oy.= 2{In - A^o)) and := -A(^) if a£¥+\{9o}- 
For each r G [0, 1), define the multi-Toeplitz kernel Kp^r '■ x ~^ -^(^) by 



(2.5) 



KF,r{a,P) := < 



(0) 



if a = /3 
if a > /3 
otherwise, 
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where 7 is the reverse of 7 E F+. Note that if {/i/3}|/3|<g C then 



, fc=0 \a\=k 



l7l<<? 



/3|<g 

00 



k=Q \a\=k \|/3|<g |7|<g / 

= E E (6/3a,e^) (C(a)/l/3,/l7) 

QeF+ l/3|,|7l<g 

7>/3; l/3M7l<9 
= E {KF,r{l,P)hp,h^) . 

7>/3; |/3|,|7l<g 

Hence, taking into account that Kp^riliP) = Kp^{P,^) and inequahty we deduce that 

[i^:F,r(a,/5)]|„|j/3|<g > for any r G [0, 1). Taking r ^ 1, we obtain [Kp^i{a,i 



Ha\,\f3\<g 



> 0. 



According to Theorem 3.1 of [20] and using ()2.5() . we deduce that there is a completely 
positive linear map fj, : C*{Si, . . . , 5^) B{7i) such that 

fi{Sa) = KF,i{go,a) = C*~y a G F+. 

Using Stinespring's representation theorem (see I23|)) we find a Hilbert space Q ^ TL, a, 
♦-representation tt : C*{Si, . . . , Sn) — > B{G), and a bounded operator X ■.'H ^ Q such that 

M/) = X*7r(/)X, /gC7*(5i,...,5J. 

Denote Vi := vr(S'j), « = 1, . . . , n, and notice that 

(2.6) X*VaX = fi{Sa) = if a e ¥+\{go}, 

/ r\ 

and X*X = = C(o)- On the other hand, if T : ^ ^ is a contraction, then ( ^ 1 



is a selfadjoint contraction acting on the Hilbert space Q (B M- Hence, 



Ig -T 
-T* Im 



IS 



a positive operator. Since Vi,...,Vn € B{Q) are isometrics with orthogonal ranges, the 

k 

operator T := [Va '■ \a\ = A;] is a row isometry acting from (Bf^iG to Q. Using the above- 
mentioned result, we deduce that 





/ 


XX* 

'-xv*x*' 


[- 




V 


a = k 




Hence and using relations (|2.4j) and (|2.6|1. 


theorem. 








To prove (ii), denote dk 




\a\ - 



a\ = k]\ 




XX* • • • 
• • • XX* 



> 0. 



for k = 1,2,.... Lemma l2 . 1 1 shows that 





/ 


dkljc 




a = k] 


\ 




Qk '■= 








dklK 







> 




\ 


a = k 







• • dklK_ 


) 
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for any k = 1,2, . . .. Since Pk > and Qk > 0, we have Pk® Qk > 0. Compressing the 
operator matrix Pk ® Qk to appropriate entries, we deduce that the operator 





ndk{In - 






(2.7) 












\ 


a 


= k 









24(l7^ -^(0)) /^^ 



is positive for any k = 1,2, . . .. Applying Lemma ITT] to the operator matrix (|2.7|) . we deduce 
that 



f2i 



(lF^{Hr^)®'^dk{lH- Ik E 'S'a ^(a) y(a) 

|a|=fc 

\ \a\=k 



is positive for any k = 1, 2, . . ., where Si, . . . , Sn are the left creation operators on the Fock 
space F'^{Hn). Hence, using inequality I — Aq < I and Lemma ITTl we deduce that 



\a\=k 



<2dk 



for /c = 1, 2, . . .. Therefore, the series E E 'S'a ® ^(a) ^(a) is convergent in norm. Since 

k=l \a\=k 



A(p,\ > and ( ^J^ j'^^] > 0, we have 
(2.9) 



( Ip^Hr,) ® ^(0) ® Ijc IfHh„) ® ^(0) ® ^(0)\ y „ 
® ^(0) «5 ^(t,) ^(0) ^Ik ' - ■ 



Taking the sum of the operator matrices given by (|2.9j) for k = 1,2, . . ., and (|2.8|) . and 

oo 

taking into account that E '^A: ^ ^) we deduce that 



k=i 



oo 

. E E Sl^A* 

\fe=0|a|=fc 



oo ^ 

E E s„® 0y(„)\ 

fc=0|a|=fc 



is a positive operator acting on the Hilbert space F^{Hn) WCS/C. Now, Lemma |2 . II implies 

< 1. 



a) ^ a) 
k=0 \a\=k 



The proof is complete. 



□ 



The next two theorems provide Wiener and Bohr type inequalities for holomorphic func- 
tions on [i?(A:')"]<i with coefficients in B{7i). 



Theorem 2.5. Let 



F{Xi,...,Xn) ■=J2Y1 ^"®%)' A^^)€B{n), 

k=0 \a\=k 
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be a holomorphic function on [i?(A')"]<i such that F{0) > and 

ReF(Xi,...,X„) </ for any (Xi, X„) G [B(;f )"]<!. 

Then 

(i) ifYi,...,Yn£ B{}C) are bounded operators such that \\ [Yi, . . . , Y^] || < ^, then 

||F(5i®yi,...,5„®y„)|| < 1; 

(ii) E < 4(/ - ^(0)) for any k = 1,2,...; 

\a\=k 

1/2 



111 



< 



\a\=k 

(iv) for < r < 1, we have 



2\\I — A(o)|| with coefficients in B{TC) for any k = 1,2, . . . 



1/2 



k=0 \\a\=k 



where 

(2.10) M(r) := 

(v) i/ 11^(0)11 < 1 and < r < 1, then 



1^ ^/^<r<l; 



^(0) + E E - ^(0))"'^(«) < K{r)I, 

k=l \a\=k 



where 

(2.11) 

(vi) for < r < we /laue 

oo 



^(0 := 4. f 1 " " 



E ^(«)^(") 

|a|=fc 



1/2 



< 



P(o)|| + ||/-^(0)||. 



Proof. Define Y(q) := Yq,i " S F+, and notice that 



oo 




1/2 

oo 


n 


k/2 


E 


E ^r.)^(") 


sE 






k=l 


|a|=fc 


fe=i 


1=1 





oo ^ 

E^ 



k=l 



for A; = 1, 2, . . .. Applying Theorem 12.41 part (ii), we obtain 

E E ® ® ^(a) < 1, 
fc=0 \a\=k 
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which imphes (i). To prove (ii) and (hi), note that relations (|2.6|) and (|2.4j) imply 
^ A*~A^ = X*Vo^XX*V*X 

\a\=k \a\=k 

< \\xfx* I v^v: I X < \\xfx*x 

= 4||/- ^(0)11(1-^(0)). 

Therefore, we have 

(2.12) Y ^;^a<4||/-^(o)||(/-Ao)) 

\a\=k 

for k = 1,2,.... According to Theorem 12.41 we have ^(o) > and Pfc > 0. This implies 
I-H — ^(0) > and II-Z^k — vl(o) || < 1- One can easily see that inequality 1)2. 12() implies (ii) and 
(iii). Since (ii) implies 

\ 1/2 

Y^aAa] <2(/-^(o))l/^ A; = 1,2,..., 

we deduce that 

oo / \ 

k=0 \\a\=k I 



sup \x + ^^Vl -x\ I = M(r)I, 
<x<i [ l-r J 



< 

0<3;<1 

where M{r) is given by 1)2. lOj) . 

Now, assume that ||^(o)|| < 1- According to Lemma l2.2( the positivity of the operator Pk 
is equivalent to the positivity of the operator 

/^F2(H„) ®2(/>^ -^(0)) E 5a ^^(a) 

^'"l E A* IfHh„)''^ 2{In - ^(0)) 

V \a\=k 

for any A; = 1, 2, . . .. Using Lemma I^TTl we deduce that Qfc > if and only if 



YS*a^ A(«) ^(0))-'] E ® ^(") < ^ ® 4(1 - A(o)) 

for any k = 1,2, . . .. Hence, and taking into account that S*Sj = 6ijl, i,j = 1, . . . ,n, we 
obtain 

Y ^Uil - ^(0))"'^M < 4(/ - A(o)), fc = 1, 2, . . . . 

\a\=k 

For < r < 1, the latter inequality implies 

oo . 

4-7" 

^(0) + E E - ^(o))''^H < ^(0) + M) 

k=l \a\=k 

< sup \ x + ^^{l-x)\l <K{r)I, 
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where K{r) is given by (|2.11|) . 

To prove (vi), notice that (iii) impUes 



k=0 



\a\=k 



1/2 



137 11^-^0) I 



< P(o)ll+2 

< P(o)ll + 11^-^0) 



for < r < i. The proof is complete. 



□ 



Now we can prove the fohowing operator- valued Bohr inequality for holomorphic functions 
on [B(;f)"]<i. 

Theorem 2.6. Let 

oo 

F{Xi,...,Xn) =J212 ^"®%)' ^(a) 
fc=0 \a\=k 

be a holomorphic function on [B{X)^]^i with coefficients in B{7i) such that -F(O) > and 
ReF{Xi,...,Xn)<I for any {X^, . . . , X^) G [B{XrU. 

Then 



E 

k=0 



\a\=k 



< P(o)|| + \\I-A 



(0)1 



for any (Ti, . . . ,Tn) S [i?(/C)"]i/3 ^'^'^ '^"■?/ Hilhert space K,. 

Proof. Let (Ti, . . . G [-B(/C)"],. with < r < i. Notice that [r^^Ti, . . . jT^^T^] is a row 
contraction and, according to the noncommutative von Neumann inequality |17j . we have 



E 

fe=0 



|a|=fc 



fc=0 



E- 

fe=0 



|a|=A: 
|a|=A: 



1/2 



Using now Theorem 12.51 part (vi), we can complete the proof. 



□ 



For each a G F+, define Ca '■= ei^(^ei^®---® ei^ and e^^ = 1. It is clear that {ca '■ a S } 
is an orthonormal basis of F'^{Hn)- We denote by V the set of all polynomials in F'^{Hn), 
i.e., all the elements of the form 

p= aaCa, fla € C, m = 0,1,2,.... 

|a|<m 



Remark 2.7. Let 



fc=0 |a|=fc 
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be a formal power series such that, for each h ^ TC, 
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l/2k 



< 1. 



limsup ^ 

\\a\=k 

If F{0) > and 

Ke {F{rSi, . . . ,rSn)p,p) < WpW'^ for any p&V^TL and < r < 1, 
then the conclusions of Theorem \2.4[ Theorem \2.^ and Theorem \2. 61 remain true. 

We need to recall from ^3], ^S]) QH]i and ^H] a few facts concerning multi-analytic 
operators on Fock spaces. We say that a bounded linear operator M acting from F'^{Hn)®K. 
to F^{Hn) IC' is multi-analytic if 

M{Si (g) Ijc) = {Si (g) Ik.')M for any z = 1, . . . , n. 

Notice that M is uniquely determined by the "coefficients" G B{K,,K.') given by 

k') := (M(l 0k),ea(gk'), k £ JC, k' e /C', a E F+, 

where a is the reverse of a, i.e., a = gi^ ■ • • gi-^ \i a = gi^ ■ ■ ■ gi^. We denote 0(o) •= ^(ao)- ^ote 
that 

We can associate with M a unique formal Fourier expansion 

,71, are the right creation operators on F'^{Hn) and U is the 

• 



where i2i 



C/*5,[7, i = 1, 



ejj^ into Ci^ (g) 



ej. 



(flipping) unitary operator on F (Hn) mapping ej^ (g <gi ■ ■ 
Since the operator M acts like its Fourier representation on "polynomials", we will identify 
them for simplicity. Based on the noncommutative von Neumann inequality ( JZl; ^H]); we 
proved that 

oo 

M = SOT - lim ^ rl°li?„ » 

''^ k=0\a\=k 

where, for each r G [0, 1), the series converges in the uniform norm. Moreover, the set of all 
muhi-analytic operators in B{F'^{Hn) (g IC, F'^{Hn) <g fC') coincides with i?^(g)B(/C, /C'), the 
WOT closed algebra generated by the spatial tensor product, where = U*F^U. 

Now we can deduce the following operator-valued generalization of Bohr's type inequality 
for the noncommuative analytic Toeplitz algebra F^. 

oo 

Corollary 2.8. // F{Si, . . . , 5„) := ^ J2 ® ^(a) is in F^®B{n), then 

k=0 \a\=k 



E 

k=0 



\a\=k 



<||F(Si,...,5„)||(P(o)|| + ||/-^(o)| 



for any (Ti,...,r„) G [5(/C)"]i/3. Moreover, if F{0) >0 and Re F{Si, . . . , Sn) <I, then 



E 

k=0 



\a\=k 
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for any {T^, . . . ,Tn) e [i?(Wr]i/3. 

Proof. Without loss of generality, we can assume that . . . , S'n)!! = 1. Now, one can 

use the noncommutative Poisson transforms of |Hj to show that the hypotheses of Theorem 
12.61 are satisfied. Applying the latter theorem, the result follows. □ 

We remark that, in the particular case when 7i = C, the first part of Corollary 12.81 was 
obtained in ^2] • Its second part provides an operator- valued extension of Corollary 11.61 as 
well as a new proof. 

We can improve some of the inequalities of Theorem 12.51 under the more restrictive condi- 
tions that F{Si,...,Sn) G F^®B{n) and . . . , < 1. 

Theorem 2.9. // 



k=0 \a\=k 



and ||F(S'i, . . . , Sn)\\ < 1, then 

(i) f E 

(ii) for < r < 1, we have 



< (/-^^0)A(o))^/2 f^^^^y A; = 1,2, 



1/2 



fc=0 \|a|=A: 



< 1 + 



{l-rf 



1/2 



(iii) if 11^(0) II < 1 '^'^^ ^ — li 2, . . ., then 

E - ^(o)^(o))"'^H < ^ - ^(0)^(0); 

|a|=fc 

(iv) if 11^(0)11 < 1, ^(0) ^ 0, and < r < 1, then 

oo 

4) + E E - ^(o))"'^H < ^^(0/, 

fe=l |a|=A; 



where 



(2.13) 



iV(r) : = 



1 i/ < r < i 
^/i<r<l. 



Proof. Let be the subspace of F'^{Hn) spanned by the vectors 1 and e^, where a G F+ and 
|a| = k. The operator PM^HPi^i, • • • , Sn)\M W is a contraction and its operator matrix 
with respect to the decomposition 7W C?) W = W © {ca is 









\a\=k 






/ 


^(0) 


[0 ••• 0] 


\ 










A(o) ••• 






V 


\a\ = k 




_ ••• A(o)_ 


/ 
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Hence, 



A 



\ 



\a\ = k 



is a contraction, which imphes 



E^{a)A")<^-^(o)Ao) for /c = 1,2.... 

\a\=k 

The latter inequahty imphes (i). Using (i), we infer that 

1/2 



\a\=k 



k=0 



<(^(o)Ao))'/' + Y37(l-^(o)Ao))^ 

< sup < X -\ \/l — > / 

o<x<i I '^-r J 



1 + 



1/2 



(1-r)^ 

Now, we prove part (iii) . Taking into account the structure of 2 x 2 lower triangular contrac- 
tions, the operator 

^ ^ -.neic^n'eic' 

is a contraction if and only if A and D are contractions and 

C={I- DD*)^/^T{I - 

where T : Da ^D* is a contraction, and the subspaces T>a and "Do* are defined by 
Va := (I - AM)i/27^ and P^. := (/ - DD*y/'^IC'. Hence, if ||L>|| < 1, then we have 

C*{I - DD*)-^C = {I- A*Ay/^T*T{I - A*Ay/^ <I - A* A. 

Applying this result to the matrix Y^, where ||^(o)|| < 1, we obtain 

-(/-^(0)A* )-i ... 







{I-A(,.A* 









\a\ = k 



<I- ^^0)^(0) 



1(0)^(0)^ 

for A; = 1, 2, . . ., which proves (iii). Now, assume that A(o) > and ||vl(o)|| < 1- Using (iii), 
we deduce that 



k=l \a\=k 



2 ^ 
(0)^ 



0<a;<l 



< sup <x^ {I - x)} I = N{r)I, 



1 — r 



where N{r) is given by ()2.13p . The proof is complete. 



□ 



We recall from the following multivariable operator-valued generalization of the in- 
equalities of Fejer and Egervary-Szazs, to the spatial tensor product C*{Si, . . . , Sn) B{TL). 
Let m > 2 and let {^{a)}|^|<^_i be a sequence of operators in B{7{) such that the operator 

SI®A^^) + I®Aq+ Y1 So^^Al^-^ 



l<fc<m-l 



l<fc<m-l 
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is positive. Then, 

(2.14) We (^(a) : \a\ = k) < w (^(a) : |a| = k) < \\Ao\\ cos 



TT 



for 1 < k < m — 1, where [x] is the integer part of x, w (Xi, . . . , X„) is the joint numerical 
radius of the n-tuple (Xi, . . . , Xn) G S(A')"', i.e., 

w{Xi,...,Xn) := uj{Si ^Xl + --- + Sn^ X*), 

and We {Xi, . . . , X„) is the euchdean joint numerical radius of the n-tuple {Xi, . . . , Xn), i.e., 

/ n \ 1/2 



We{Xi, . . . ,Xn) ■■= sup [^\{Xih,h) 

\\h\\=l 



We also recall that both the joint numerical radius and the euclidean joint numerical radius 
are norms equivalent to the operator norm on B{X)'^. Moreover, 

^\\[Xu...,Xn]\\<w{Xi,...,Xn) < ||[Xi,...,X„]|| 

and 

-^\\[Xi,...,Xn]\\<We {Xi,...,Xn) <wiXi,...,Xn). 

In what follows we obtain an operator-valued Bohr type inequality when the norm of the 
coefficients is replaced by the joint numerical radius. The result is new even in the single 
variable case n = 1. 

Theorem 2.10. Let 

m—l 

F{Si,...,Sn) := E E 

fc=0 \a\=k 

be a polynomial such that F{0) > and ReF(5'i, . . . , 5„) < /. Then 

m—l 

J2 ^''^ {^U ■■ \a\=k)< P(o) II + ||/ - ^(0) II 

k=0 



for any r £ [0,tm], where tm £ (0, 1] is the solution of the equation 

m—l 



m—l ^ 
TT I 



k=l 



COS 7 = - , 

m+2 2' 



where [x] is the integer part of x. Moreover {tm} is a strictly decreasing sequence which 
converges to ^. 

Proof. The conditions F{0) > and ReF(5'i, . . . , Sn) < I imply 

l<|o|<m-l l<|a|<m-l 

According to the inequality (|2.14j) . we have 

vr 



w I : |a| = kj < 2\\I - Ao\\ cos -rp^ 
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for 1 < k < m — 1. IfO<r< tm, then we have 

m— 1 m—1 

r'w [aI^ : |a| = k) < \\Ao\\ + 2\\I - Ao\\ cos ^ 

k=0 k=l L fc J 



m—1 



it=l 

< P(o)ll + 11^-^0)11- 



< Po|| + 2||/-^o|| ^4cos.^^^ 



The last part of the theorem was proved in Theorem ll.il The proof is complete. □ 



3. Operator-valued Bohr inequalities for harmonic functions 

We say that G is a selfadjoint harmonic function on [i?(A')"]<i with coefficients in B{Ti.) 
if there exists a (universal) holomorphic function F : [i?(A')"']<i B[X ® TC) such that 

G{Xi,...,Xn) = ReF{Xi,...,Xn) for any (Xi, . . . , X„) G [5(^)"]<i. 

Let A := be a sequence of operators in B{7i) such that ^(o) = A^q) 

^ oo 

F{Xu ■ ■ ■ ,Xn) = -I ^ A^O) + Y, Yl 

k=l \a\=k 

is a holomorphic function on [5(A')"]<i. Define Hj^ : [5(^)"]<i B{n ® A") by setting 
Hj^iXi, ...,Xn)= ReF{Xi, . . . for any (Xi, . . . G [S(^)"]<i. 

We remark that, in the particular case when A := {aa}^^^^ coefficients of an 

element in the noncommutative analytic Toeplitz algebra F^ of the form 

oo 

F{Si, . . . , Sn) = —I + ^ ^ fla'S'Q,, Oo = ao, 

A;=l |a|=fc 

then the operator 

H^iSi, ...,Sn):= ^[FiSi, ...,SnT + F{Si, Sn)] 

can be seen as a noncommutative analogue of the boundary function of a (real-valued) 
bounded harmonic function in the unit disc, while Hj[{Xi, . . . ,X„) can be seen as the non- 
commutative Poisson transform of Hj\^{Si, . . . , Sn) at the point {Xi, . . . , X„) G [B{X)^]^i. 

We remark that, using the noncommutative Poisson transforms of [221) o'^^ easily show 
that 

HA{Xi,...,Xn)<HB{X^,...,Xn) for any (Xi, . . . , X„) G [5(A')"]<i 
if and only if 

H_A{rSi, . . .,rSn) < Hts{rSi, . . . ,r5„) for any r G [0, 1). 

The first result of this section provides Wiener and Bohr type inequalities for the coeffi- 
cients of two harmonic functions on [i?(^%')"']<i satisfying the inequality //_4(Xi, . . . ,X„) < 
Hb{Xi, . . . , Xn). 
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Theorem 3.1. Let A := {A(^a)} a&+ '^'^'^ ^ ■~ {-^(o)}agF+ sequences of operators in 
B{7i) such that and Hq are noncommutative harmonic functions on [B{X)'^]^i and 

(3.1) HAXi,...,Xn)<His{Xu...,Xn) for any {X^,...,X^)e[B{Xr]^^. 
Then 

(3.2) (^W - - ^W) < 11^(0) - Ao)ll(^(o) - ^(0)) 

\a\=k 



for k = 1,2,..., and 



k=l 



\a\=k 



1/2 



^ oo 
< o 11^(0) -A0)ll+E^ 



fc=l 



|a|=fc 



1/2 



/or any r G [O, |] . 

Proof. Notice that the inequality (|3.1() implies 

oo oo 
fc=l|a|=A: fc=l |«|=fc 

where C(q,) := — A^^^) if a S F+\{(j(o} and C(o) := -B(o) — ^(0)- First we consider the case 
when that C(o) 7^ 0. According to H3.3|) . we have C(o) ^ 0. As in the proof of Theorem 12.41 
part (i), we deduce that there is a completely positive linear map n : C*{Si, . . . , Sn) — > B{7i) 
such that 

Using Stinespring's representation theorem, we find a Hilbert space Q ^TC, a *-representation 
TT : C*{Si, . . . , Sn) ^ B{G), and a bounded operator X ■.TL ^ Q such that 

^x{f)=X*7:{f)X, f €C*{Si,...,Sn). 

Denote Vi := vr(S'i), i = 1, . . . , n, and notice that 

(3.4) X*VaX = fi{Sa) = if « e F+\{5o}, 
and X*X = ^{I) = C(o). Hence, we infer that 

E '^^<^" = E X*VaXX*V*X 

\a\=k |a|=A; 

< iixfx* I Y "^oyi I X 

V|a|=fc / 

< = ||C(o)||C(o). 

Therefore, the inequality (|3.2|) holds. It is clear that the latter inequality implies 

1/2 

(3.5) E(%)-A«))*(%)-%)) 

\a\=k 



< 11-^(0) - ^{0)1 
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for = 1, 2, . . .. Using this inequality, we deduce that 

oo oo 

J]r*^||[A(„) : |a| = A;]|| -^r'=||[5(„) : \a\ = k]\\ 



k=l k=l 

oo 



< ^r'=||[A(^) : |a| = A;]|| 

k=l 

oo 

<E^'ll^(o)-Ao)ll 

k=l 

r 

< 11^(0) -^(0)11^37 

< ^11%) -^(0)11 

for any r G [O, |] . Therefore, the second inequaUty of the theorem is proved. 

Now, notice that if ^(g) = -^(o)' then adding el, e > 0, to inequaUty (|3.3|) and applying 
the first part of the proof, we deduce that 

{B(a) - A(^a))*{B(a) " ^(a)) < e^-^ 

\a\=k 

for any e > 0. This implies A(^) = for any a G F^. The proof is complete. □ 

We remark that Theorem 13.11 remains true if the conditions on the coefficients 
A := {A{a)} ae¥+ ^ ■~ iB{a)}ae¥+ replaced by the following weaker conditions: 

(i) limsup I 1 — 1 ^'^y h Tl, and a similar inequality for B; 

k^oo y\a\=k J 

(ii) {H_A{rSi, . . .,rSn)p,p) < {Hts{rSi, . . .,rSn)p,p) for any r £ [0, 1) and peV®H. 
Now, we can prove the following result for selfadjoint harmonic polynomials. 

Theorem 3.2. Let m = 2,3,..., and let A := {^a}|o|<m-i ^.^d B := {Ba}\ci\<m-i 
sequences of operators such that yl(o) = ^(o)' ^(o) = 

Ha{Si, ■ ■ ■ , Sn) < H^{Si, . . . , Sn)- 

Then 

IT 

for 1 < k < m — 1, where [x] is the integer part of x, and 

m—l ^ m— 1 



(3.6) w - Al^^ : \a\ = k\ < \\B^o) " ^(o)ll cos 



^ r'^w [aI) : |a| = k) < ^\\B^o) " ^(o)ll + E K 

k=l k=l 
for any r £ [0,tm], where tm is the solution of the equation 



\a\ 



Proof. Since 

m— 1 m—l 



E E ® {^U - ^U) + ^ ® (^(0) - ^(0)) + E E ® (^(") - ^(-)) ^ 

A;=l |a|=fc fc=l \a\=k 
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for r £ [0, 1), inequality p. 14)1 implies (|3.6j) . Since the joint numerical radius is a norm and 
using the inequality H3.6() . we have 



m—l 



m—1 



k=l 



fc=i 

m— 1 

m— 1 _ 

^{0)11 Yl ^'''cos J 



k=l 



< \\B, 



(0) 



' m— 1 ' 



< IIS, 



(0) 



m—l 

^0)11 X]*^^°^7ST 



+ 2 



+ 2 



< 2 11^(0) -^(0)1 



for any r £ [0,tm]- This completes the proof. 



□ 



We remark that one can obtain versions of Theorem 13.11 and Theorem 13.21 for the spatial 
tensor products C*g^(F„) B{Tl) and C*(F„) BiTL). In this way we can provide operator- 
valued generalizations of Corollarv 11.91 and Corollarv ll.lll 

Given m = 2,3, ...,oo, and a sequence A := {aa}|Q!|<m-i of complex numbers with 
oo = ao, define 

l<|a|<m-l l<|a|<m-l 



When m = oo, we assume that the series ^ 

k=l 



\a\=k 



is convergent for any r G [0, 1). 



The following result is a scalar version of Theorem 13.11 and Theorem 13.21 

Corollary 3.3. Let m = 2,3, ...,oo and let A := {aa}|Q|<m-i o.^d B := {^Q}|a|<m-i 
sequences of complex numbers such that gq = oq, bo = bo, and 



and, if m = oo, 



Then 



Hj\^{Si, ...,Sn)< Hb{Si, ...,Sn) if m <oo, 
Hj,{rSi, rSn) < Hs{rSi, r5„) for any r G [0, 1). 

1/2 



< (6o — Oo) cos ■ 



l^a Oai I ^ V"U "-u;— ^ r m-1 1 , 9 
Jq|=A; / L A: J 

/or 1 < k < m — 1, where [x] is the integer part of x, and 



Oo 

2 



m—l 



1/2 / \ 1/2 

m—l / ^ 

k=l \\a\=k 



|2 I < ^0 



k=l \\a=k 

for any r G [0, tm], where tm is the solution of the equation (|n.lj) if m < 00 and too : = 
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Now, we can deduce Bohr inequalities for two real- valued functions f,g € L^(T) satisfying 
the inequality f < g. 

m—l m—l 

Corollary 3.4. Let /(e**) = Yl ^fcC*'^* and ^(e'*) = Yl a^e*'^* be real-valued func- 

fc=— »n+l k=—m+l 

Hons in L^{T), where m = 2,3, ... ,00. If f < g, then 

m—l , m—l 

fc=i fc=i 

for any r G [0, tm]; where tm is the solution of the equation (jU.lj) if m < 00 and t^o \- 

Proof. Taking the harmonic extension of / and g in the unit disc, we obtain f{re^*) < g{re^^) 
for < r < 1 and t G [— vr, vr]. Notice that, for each m = 2,3, . . . , 00, 

m—l m—l 

H^rS) := ^'^kS*" + a^I + r^ai,S\ r e [0, 1), 

k=l k=l 

is in the C*-algebra generated by the unilateral shift 5, acting on H-^iT). Similarly, we can 
define His{rS), where B := {bk}^^^ . Now, notice that, for any /i(e**) G H'^{T), we have 



{{Hs{rS) - HArS)) h{e%h{e^')) = ((g(re^*) - /(re^*)) h{e^'), h{e^'))^,^^^ 

1 

~ 2^ 



(5(re^*)-/(re'*)|/i(e^*)|2(it >0. 



Therefore, H]s{rS) > H_^(rS) for < r < 1. Applying now Theorem l3.1l (when m = 00) and 
Theorem 13.21 (when m = 2,3, . . .), the result follows. □ 

m—l m—l 

Corollary 3.5. Let / := ^ a^e*'^* and g := ^ 6^.e*^* be real-valued functions in 

k=—m+l fc=— m+1 

L^(T), where m = 2,3, ...,00. // there exists r G [0, tm]; where t^ is the solution of the 
equation HU.lf) if m < 00 and t^o := |, such that 

m—l , m—l 

k=l k=l 

then f > g on a set of positive measure. 

We mention that, when m = 00, the last two corollaries were obtained by Paulsen and 
Singh US]. 



4. Bohr inequalities for analytic functions on the unit ball of C" 

A multivariable commutative analogue of the Hardy space iJ°°(D) is the algebra 
:= Pp2(^H^^F^\p2(^ff^-^, the compression of to the symmetric Fock space Fg{Hn) C 
F'^{Hn). We proved in [2] that is the t(;*-closed algebra generated by the creation op- 
erators Bi := Pp2(^jj^^Si\p2(^jj^^, i = 1, . . . ,n, and the identity. Arveson ^ showed that the 
algebra can be seen as the multiplier algebra of the reproducing kernel Hilbert space 
with reproducing kernel Kn : B„ x B„ ^ C defined by 

Kn{z,w) := — ^ — , z,weMn, 

1 - {Z,W}C" 

where B„ is the open unit ball of C"". 
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Let p := (pi, . . . ,Pn) be a multi-index in Z"^. We denote |p| := pi + ■ ■ ■ + Pn and p! := 
Pi\ ■ ■ -Pn- If ^ '■= {^1, ■ ■ ■ ■> ^n), then we set := A^*^ • • • An" and 

P* 

('^^)sym('S'l, ■ ■ ■ , Sn) '■= -. — rj Sa, 

aeAp 

where 

Ap := {a G F+ : A„ = AP for any A G ]B„} 
and Si,...,Sn arc the left creation operators on the Fock space F'^{Hn)- Notice that 
cardAp = -1^. If p(A) := J2'^^^{p)^ ^(p) ^ is an operator- valued polynomial on 

B„, the open unit ball of C", then the symmetrized functional calculus Psym('S'i, . . . ,Sn) G 
F^®B{T-L) is defined by 

Psym(5l, ...,Sn):= ^[(AP)sym(Si, . . . , ® A(p) . 

In this section we obtain Wiener and Bohr inequalities for the algebra and a class of 
operator- valued analytic functions on the open unit ball of C". 

Theorem 4.1. Let /(Ai,...,A„) := ^ APyl(p), A(p) G B{H), be an operator-valued ana- 
lytic function on B„ such that 



lim sup 

fc— >oo 



p6Z",|p|=fc 



l/2k 



< 1, 



(4.1) 

/(O) > 0, and 

Re/syin(r-Si, . . . , rS„) < / for 0<r<l. 
Then the following statements hold. 

1/2 

<2||/-A(o)|| fork = 1,2,.... 



(i) 



E pT^(p)^(p) 



peZ",|p|=fc 



(ii) r 

k=0 



^ |pi!^(p)^(P) 



1/2 



< P(o)|| + ||/-A(o)|| /orO<r < i. 



peZ!^,|p|=fc 

iii) If {y(p)}pez^ is a sequence of operators in B{1C) such that 



|y(o)ll < 1 o-nd ^ 



fc=o 



-^(;)^(p) 



p6Z",|p|=fc 



1/2 



< 



2' 



then 



< 1, 



E E ® ^(p) ® ^(p) 

fc=0 \pe'L1,\p\=k 

where Bi, . . . ,Bn are the creation operators on the symmetric Fock space. In partic- 
ular, 



E E ^"^(p) ® ^(p) 

fc=o \pez",|p|=fc 



< 1 for any A G ]B„. 
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31 



k=o \peZ!^,|p|=fc 



< 1. 



// (Ti, . . . , Tn) € [-B(/C)"']i/3 c-''^^ ^ii ■ ■ ■ are commuting operators, then 



E 



fc=0 



E ® ^(p) 



< P(o)|| + 



(0)1 



Proof. Notice that 



k=0 \a\=k 



where C(o) := ^(o) and C(q) := |^^(p) for p G , p ^ (0, ... ,0), and a G Ap. We remark 
that condition H4.1() implies that fsymirSi, . . . , r5„) is norm convergent for each r G [0, 1). It 
is clear that, for each /c = 1, 2, . . . , we have 

|a|=fc peZi ,|p|=A: \«eAp 



E 



pezi,\p\=k 



\py- 



T^(P)^(P)- 



Apply now Theorem 12.51 to the holomorphic function F{Xi, . . . , X„) := /sym(-^i) ■ ■ ■ , ^n), 
{Xi, . . . , Xfi) G [-B(A')"]<i, and notice that part (i) and (ii) follow from part (ii) and part (vi) 
of Theorem 12.51 To prove part (iii), define the sequence {Z(^a)}a&+ B{IC) by Z(o) := ^(o) 
and Z(^a) ■= ^(p)) where p G , p 7^ (0, . . . , 0), and a G Ap. Notice also that 



E 

A:=0 





1/2 

00 




E ^(")%) 


= E 


E 


\a\=k 


fc=0 





E ^^(p)^( 

■7' 77, I _ I ^ 



(P) 



1/2 



< 



Using Theorem 12.41 part (ii) when F{Xi, . . . , X„) = /sym(^i; • • • , Xn), we deduce that 



E E ® ^ 

k=0 \a\=k 



< 1, 



where the series converges in the norm topology. Taking the compression to the symmetric 
Fock space and noticing that 



5^ ^ B„ = Yl E ny^^ (^Ap0Yp 

fc=0|o|=A: pGZ",|p|=A: VoeAp 'P'' 



pez",|p|=fc 



P' 



we conclude the proof of part (iii) of the theorem. 



32 GELU POPESCU 

Now, applying Theorem 12.51 part (i) to /sym(-^ii • • • iXn), we obtain 

oo 

^ ^ 5« y„ < 1. 

A.-0 \a\=k 

Taking again the compression to the symmetric Fock space, we deduce (iv). To prove part 
(v), we apply Theorem 12.61 to fsyra{Xi, . . . ,^n) and deduce the inequality 



E 

fc=0 



^ (g) C(a) 
\a\=k 



< ||C(o)|| + ||/-C, 



(0)1 



On the other hand, since Ti, . . . , T„ are commuting, we deduce that 



E 

fc=0 



|a|=A: 



E 

fc=0 



pez:?,|p|=fc 



This completes the proof. 



□ 



Corollary 4.2. Let f{Xi, . . . , A„) := Yl -^^Op, ap € C, be an analytic function on B„ such 
that condition (|4.1|) holds, /(O) > 0, and 



Refsjm{rSi, rSn) <I forO <r <1. 



Then 



E 

A:=0 



E 

peZ",|p|=fc 



< 1 



for any A := (Ai, . . . , A^) G with \\X\\2 < ^■ 

Theorem 12.101 can be used to obtain a version of Theorem 14.11 for operator- valued polyno- 
mias in B„. Here is a scalar version. 

Corollary 4.3. Let m = 2, 3, . . ., and let 

p(Ai,...,A„) := ^ APop, Op E C, 

P6Z!f,|p|<m-l 

be an analytic polynomial on B„, such that p{0) > and Repsym('S'i; ■ ■ ■ , Sn) < L. Then 

m— 1 

A:=0 peZ1,\p\=k 

for any A := (Ai, . . . , A„) G B„ with \\X\\2 < ^m; where t^ is the solution of the equation ()U.1[) . 
Denote by H^j^{Mn) the set of all analytic functions on IB^ with sc3-l3-r cocfficiGnts 

/(Ai,...,A„) := ^ A^Op, ap e C, 

such that 



lim sup 

fc— >oo 



( E fi^A 



l/2k 



< 1 
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and 



sym := sup ||/sym(r'5'l, . . . ,r5„)|| < oo. 

0<r<l 



According to [H], H^^(\S, n) is a Banach space with respect to the the norm || • ||sym) which 
contains aU analytic polynomials on B„. 

Corollary 4.4. Let m = 2, 3, . . . , oo, and let 

/(Ai,...,A„) := ^ APop, Op G C, 

peZ!f,|p|<m-i 

be an analytic function in H^^(Bn)- Then 



sym 
m—l 

E 

k=0 



pez!f,|p|=fe 



< 



sym 



for any A := (Ai, . . . , A„) G B„ with \\X\\2 < tm, where tm is the solution of the equation ()U.1() 
if m < oo and too = | • 
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